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We study Bose-Einstein condensation and formation of Bose stars in the virialized dark matter
halos/miniclusters by universal gravitational interactions. We prove that this phenomenon does
occur and it is described by kinetic equation. We give expression for the condensation time. Our
results suggest that Bose stars may form kinetically in the mainstream dark matter models such as
invisible QCD axions and Fuzzy Dark Matter.
1. Introduction. Bose stars are lumps of Bose -
Einstein condensate bounded by self-gravity [1, 2]. They
can be made of condensed dark matter (DM) bosons —
say, invisible QCD axions [3] or Fuzzy DM [4]. That is
why their physics, phenomenology and observational sig-
natures remain in the focus of cosmological research for
decades [5], see recent papers [6, 7]. Unfortunately, for-
mation of Bose stars is still poorly understood and many
recent works have to assume their existence.
In this Letter we study Bose-Einstein condensation in
the virialized DM halos/miniclusters caused by univer-
sal gravitational interactions. We work at large occupa-
tion numbers which is correct if the DM bosons are light.
Notably, we consider kinetic regime where the initial co-
herence length and period of the DM particles are close
to the de Broglie values (mv)−1 and (mv2)−1 and much
smaller than the halo size R and condensation time τgr,
mvR 1 , mv2τgr  1 . (1)
We numerically solve microscopic equations for the en-
semble of gravitating bosons in this case and find that
the Bose stars indeed form. We derive expression for τgr
and study kinetics of the process.
Up to our knowledge, gravitational Bose-Einstein con-
densation in kinetic regime has not been observed in
simulations before. Old works considered only con-
tact interactions between the DM bosons [8] which
are non-universal and suppressed by quartic constants
λ ∼ 10−50 [9] and 10−100 [10] in models of QCD axions
and string axions/Fuzzy DM. Our results show that in
these cases gravitational condensation is faster: although
the Newton’s constant Gm2 is tiny, its effect is enhanced
by collective interaction of large fluctuations in the boson
gas at large distances, cf. [11].
On the other hand, all previous numerical studies of
Bose star formation considered coherent initial configura-
tions of the bosonic field — a Gaussian wavepacket [12] or
the Bose stars themself [13, 14]. A spectacular simulation
of structure formation by wavelike/Fuzzy DM [13, 15]
started from (almost) homogeneous Bose-Einstein con-
densate. In all these cases the Bose stars form almost
immediately [12, 13] from the lowest-energy part of the
initial condensate.
We consider entirely different situation (1) when the
DM bosons are virialized in the initial state. The closest
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FIG. 1. Formation of Bose star from random field with initial
distribution |ψ˜p˜|2 ∝ e−p˜2 and total mass N˜ = 50 in the box
0 ≤ x˜, y˜, z˜ < 125. These values correspond to the center of
the axion minicluster with Mc ∼ 10−13M and Φ ∼ 2.7 in
Sec. 8. (a), (b) Sections z˜ = const of the solution |ψ˜(t˜, x˜)|
at (a) t˜ = 0 and (b) t˜ > τ˜gr ≈ 1.08 · 106. (c) Radial profile
|ψ˜(r˜)| of the object in Fig. 1b (points) compared to the Bose
star ψ˜s(r˜) with ω˜s ≈ −0.7 (line). (d) Maximum of |ψ˜(x˜)|
over the box as a function of time. (e) Spectra (3) at times
of Figs. 1a, b and at the eve of Bose star nucleation, t˜ =
1.05 · 106 ∼ τ˜gr. (f) The spectrum at t ∼ τgr (dashed line)
versus the solution of Eq. (5) (circles) and thermal law F˜ ∝
ω˜−1/2 (dots).
ar
X
iv
:1
80
4.
05
85
7v
2 
 [a
str
o-
ph
.C
O]
  2
0 S
ep
 20
18
2study to ours was performed in [16], but kinetic regime
was not achived there due to computational limitations.
Note that we do not consider scenario of [11], where
axions form cosmological condensate at the radiation-
dominated stage, cf. [17]. Indeed, at realignment the
momenta of such axions are comparable to the Hubble
scale, and Eq. (1) is violated.
2. The birth of the Bose star. Consider N nonrela-
tivistic gravitationally interacting bosons in the periodic
box of size L. At large occupation numbers this system is
described by a random classical field ψ(t, x) [8] evolving
in its own gravitational potential U(t, x),
i∂tψ = −∆ψ/2m+mUψ , (2)
∆U = 4piGm(|ψ|2 − n) ,
where the mean particle density n ≡ N/L3 is subtracted
in the second line for consistency [15]. Notably, Eqs. (2)
simplify in dimensionless variables: substitutions x =
x˜/mv0, t = t˜/mv
2
0 , U = v
2
0U˜ and ψ = v
2
0ψ˜
√
m/G ex-
clude parameters m and G from the equations and ref-
erence velocity v0 — from the initial conditions. The
rescaled particle number is N˜ ≡ ∫ d3x˜ |ψ˜|2 = Gm2N/v0.
We fix initial conditions in the momentum space.
A representative class of them describes Gaussian-
distributed bosons, |ψ˜p˜|2 = 8pi3/2N˜ e−p˜2 , with random
phases arg ψ˜p˜, where p˜ ≡ p/mv0. Fourier-transforming
ψ˜p˜, we obtain an isotropic and homogeneous initial
configuration ψ˜(0, x˜) with minimal coherence length in
Fig. 1a. Then we numerically evolve Eqs. (2) using an
exceptionally stable 3D algorithm, see Supplemental ma-
terial S2 and movie [18]. Apart from the erratic motion
of ψ-peaks and deeps, nothing happens for a long time
t < τgr, where τ˜gr ∼ 106 for the solution in Fig. 1. Then a
coherent, compact and spherically-symmetric object ap-
pears at t > τgr, see Fig. 1b. With time the object grows
in mass and moves in a Brownian way due to interaction
with the fluctuating environment.
To explain what happens, we recall that any interac-
tion between the bosons should lead to thermal equilib-
rium, and in the case of large occupation numbers —
to formation of a Bose-Einstein condensate. Gravi-
tational interaction is not an exception, as pioneering
works [11, 16] argued. But then the condensate cannot
appear in a homogeneous state [17]. Rather, it should
fragment due to Jeans instability into a set of isolated
Bose stars, cf. [8], which is therefore the actual end-state
of the condensation process.
The field profiles of the isolated Bose stars are found
by solving Eqs. (2) with the stationary spherical Ansatz
ψ = ψs(r) e
−iωst, U = Us(r) at each ωs < 0, see e.g. [19].
We computed them using a separate code. Results co-
incide with the profiles of condensed objects on the lat-
tice (see Fig. 1c) thus proving that we indeed observe
nucleation of Bose stars. We performed simulations for
a large set of parameters, for δ- and θ-like initial dis-
tributions, |ψp|2 ∝ δ(|p| − mv0) and θ(mv0 − |p|), in
addition to the Gaussian. Every time we observed for-
mation of a Bose star with correct profile ψs(r), Us(r)
correct mass Ms ∝ ψ1/2s (0) and correct size proportional
to M−1s , see [19]. Note that the Bose stars nucleate wide
and rarefied, then shrink and become dense as they accu-
mulate bosons. Unlike in other studies, no “seed” Bose
condensate was present in our simulations at τ < τgr,
otherwise it would grow above the background in a short
time, see Fig. 1d.
3. The spectrum. To look deeper into the initial,
seemingly featureless stage of gas evolution, we compute
distribution F (t, ω) = dN/dω of bosons over energies ω.
This quantity equals to Fourier image of the correlator
F =
∫
dt1
2pi
d3xψ∗(t,x)ψ(t+ t1,x) eiωt1−t
2
1/τ
2
1 (3)
in kinetic regime (mv20)
−1  τ1  τgr, see Supplemen-
tary material S1 and [20]. In dimensionless calculations
we use F˜ = mv20F/N normalized to unity:
∫
F˜ dω˜ = 1,
where ω˜ = ω/mv20 .
Figure 1e shows that the spectrum (3) completely
changes during evolution at t < τgr. It starts from a
wide bell F˜ ∝ ω˜1/2 e−2ω˜ corresponding to Gaussian dis-
tribution in momenta in Fig. 1a. As the time goes on, F
develops a peak at low ω and becomes close to thermal
at intermediate energies, F ∝ ω−1/2, see the graph at
t ∼ τgr in Figs. 1e and 1f. At high ω it still falls off expo-
nentially, as high-frequency modes thermalize slowly [21].
Once the Bose star nucleates, a small δ-peak appears in
the distribution. With time this δ-peak grows in height
and shifts to the left, see the spectrum 1b in Fig. 1e. It
explicitly shows condensed particles of the same energy
ωs < 0 inside the growing Bose star.
Below we use the δ-peak at ω < 0 as an indicator of
Bose star nucleation: we define τgr as the moment when
the peak is twice higher than the fluctuations in F (t, ω).
4. Condensation time. In kinetic regime evolution of
F (t, ω) is described by kinetic equation — this fact can
be proven by solving Eqs. (2) perturbatively and using
approximations (1), see Supplemental material S1 and
cf. [20]. One therefore expects that the time of Bose
star formation τgr is proportional with some coefficient
b to the kinetic relaxation time: τgr = 4b
√
2/(σgrvn f),
where σgr ≈ 8pi(mG)2Λ/v4 is the transport Rutherford
cross section of gravitational scattering, Λ = log(mvL) is
the Coulomb logarithm, and f = 6pi2n/(mv)3  1 is the
phase-space density that appears due to Bose stimula-
tion [8]. The coefficient b = O(1) accounts for the details
of the process. It is expected to depend weakly on the
initial distribution.
Taking all factors together, we obtain expression
τgr =
b
√
2
12pi3
mv6
G2n2Λ
, b ∼ 1 , (4)
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FIG. 2. (a) Time to Bose star formation in the cases of Gaus-
sian ( ) and δ-peaked ( ) initial distributions. The δ-graphs
are shifted downwards (τgr → τgr/10) for visualization pur-
poses. Lines depict fits by Eq. (4). (b) The same for isolated
miniclusters. (c), (d) Slices z˜ = const of the solution |ψ˜(t˜, x˜)|
describing formation of a Bose star in the center of a mini-
cluster; N˜ = 290, L˜ ≈ 63.
that apart from the Coulomb logarithm Λ involves only
local parameters i.e. the boson number density n and
characteristic velocity v. So, up to weak logarithmic de-
pendence on the size L formation of the Bose star can be
regarded as a local process, with periodic box represent-
ing a central part of some DM halo. We will confirm this
intuition below.
We performed simulations of the gas with Gaussian
initial distribution at different L˜ and n˜. Our results for
τgr (circles in Fig. 2a) cover two orders of magnitude, but
they are nevertheless well fitted by Eq. (4) with v = v0
and b ≈ 0.9 (upper line in Fig. 2a). To confirm that
Eq. (4) is universal, we repeated the calculations for the
initial δ-distribution, |ψp|2 ∝ δ(|p| − mv0) (squares in
Fig. 2a). The new vales of τgr are still described by
Eq. (4), albeit with slightly different coefficient b ≈ 0.6.
We conclude that Eq. (4) is a practical and justified ex-
pression for the time of Bose star formation.
5. Kinetics. Let us show that evolution of F (t, ω) in
Fig. 1e is indeed governed by the Landau kinetic equa-
tion [21] for the homogeneous isotropic Coulomb ensem-
ble,
∂tF˜ = τ
−1
0 ∂ω˜
[
A˜∂ω˜F˜ + (B˜F˜ − A˜)F˜ /2ω˜
]
, (5)
see Supplementary material S1.4 for derivation. Here
the scattering integral in the right-hand side in-
volves A˜(ω˜) =
∫∞
0
dω˜1 min
3/2(ω˜, ω˜1)F˜
2(ω˜1)/(3ω˜1ω˜
1/2),
B˜(ω˜) =
∫ ω˜
0
dω˜1F˜ (ω˜1), it is explicitly proportional to the
inverse relaxation time τ−10 = 8pi
3n2G2(Λ + a)/mv60 ∼
τ−1gr . Notably, Eq. (5) is valid in the leading logarithmic
approximation Λ 1 which is too rough for our numer-
ical solutions with Λ ∼ 5. To get a quantitative compar-
ison, we added an unknown correction a = O(1) to Λ.
We numerically evolve Eq. (5) starting from the same
initial distribution as in Fig. 1. In Fig. 1f the solution
F (t, ω) (circles) is compared to the microscopic distribu-
tion (3) (dashed line) at t ≈ τgr, where a ≈ 5 is obtained
from the fit. We observe agreement in the kinetic region
ω˜  2pi2/L˜2 which confirms Eq. (5) at t < τgr.
Note that unlike in the case of short-range interac-
tions [22] thermalization in Landau equation does not
proceed via power-law turbulent cascades [21], and we
do not observe them in Figs. 1e,f. Nevertheless, we think
that Eq. (5) provides the basis for analytic description of
gravitational Bose-Einstein condensation.
6. Miniclusters. So far we assumed that homoge-
neous ensemble in the box correctly describes central
parts of DM halos. Now, we study the isolated ha-
los/miniclusters themselves and verify this assumption.
Recall that in large volume nonrelativistic gas forms
clumps at scales R & 2pi/kJ due to Jeans instabil-
ity, where k2J = 2piGnm
2〈ω−1〉 and the average is com-
puted with F (ω). Starting numerical evolution from the
homogeneous ensemble with δ-distributed momenta at
L > 2pi/kJ , we indeed observe formation of a virialized
minicluster in Fig. 2c. With time it remains stationary
until the Bose star appears in its center, see Fig. 2d and
movie [18]. Thus, formation of Bose stars is not specific
to finite boxes.
We checked that our kinetic expression for τgr works
for the virialized miniclusters. To this end we gener-
ated many different miniclusters, computed their central
densities n and virial velocities 〈v2〉 = −2〈ω〉/m using
the ω < 0 part of the distribution F (ω), estimated their
radii R. In Fig. 2b we plot the times of Bose star for-
mation in the miniclusters versus these parameters and
Λ = log(mvR) (points). The numerical data are well ap-
proximated by Eq. (4) with b ≈ 0.7 (line) although the
statistical fluctuations are now larger due to limited con-
trol over momentum distribution inside the miniclusters.
Estimating the virial velocity v2 ∼ 4piGmnR2/3 in the
halo of radiusR, one recasts Eq. (4) in the intuitively sim-
ple form τgr ∼ 0.047 (R/v) (Rmv)3/Λ, where the numer-
ical factor is computed. Remarkably, τgr equals to the
free-fall time R/v multiplied by the cube of kinetic con-
stant Rmv  1 in Eq. (1). In non-kinetic case Rmv ∼ 1
the Bose stars form immediately [12, 13, 15].
7. Bose star growth. After nucleation the Bose stars
start to acquire particles from the ensemble. Due to com-
putational limitations we are able to observe only the
first decade of their mass increase that proceeds accord-
ing to the heuristic law Ms(t) ' cv0(t/τgr − 1)1/2/Gm
with c = 3± 0.7. The ratio t/τgr in this expression sug-
4gests that growth of the Bose stars is a kinetic process
deserving a separate study.
8. Discussion. Let us argue that the Bose stars ap-
pear in the popular cosmological models even if we con-
servatively assume that halos/miniclusters in these mod-
els are initially virialized. If the DM is made of invisi-
ble QCD axions [3], the smallest substructures are axion
miniclusters [23, 24] of typical mass Mc ∼ 10−13M [25].
These miniclusters can be characterized [24] by the ratio
Φ + 1 ≡ n/n¯|RD of their central density n to the cosmo-
logical axion density n¯ at the radiation-dominated stage
when they are still in the linear regime. Substituting
their typical parameters [24] into Eq. (4) and expressing
the result in terms of Φ and Mc, we find,
τgr ∼ 10
9 yr
Φ3(1 + Φ)
(
Mc
10−13M
)2(
m
26µeV
)3
,
where the reference axion mass is taken from [9].
Thus, typical miniclusters with Φ ∼ 1 condense dur-
ing the lifetime of the Universe, the densest ones with
Φ ∼ 103 [24] — in several hours. The Bose stars are
important [6] as they hide a part of DM from obser-
vations. After becoming large they may explode into
relativistic axions [7] or emit radiophotons via paramet-
ric resonance [2] which at different redshifts may explain
FRB [26] and anomalies of ARCADE 2 and EDGES [27].
Note that gravitational relaxation of virialized QCD
axions is significantly faster than relaxation due to self-
coupling λ ≡ m2/f2a , where fa ∼ 1011 GeV is the
Peccei-Quinn scale. Indeed, in kinetic regime the relax-
ation rates are proportional to the cross sections, and
τself/τgr ∼ σgr/σself ∼ (10faG1/2/v)4. In typical mini-
clusters v ∼ 10−10  10faG1/2, and gravitational inter-
actions win by τself/τgr ∼ 1012.
Another popular class of DM models is based on string
axions / Fuzzy DM [4]. An interesting though recently
constrained [28] scenario considers the smallest mass
m ∼ 10−22 eV of these particles [15] when their de Broglie
wavelength inside the dwarf galaxies is comparable to
the size of the galaxy cores, mvR ∼ 1. As we argued,
the Bose stars should appear in these cores in free-fall
time. This explains their fast formation [15] in numeri-
cal simulations. At larger masses one substitutes typical
parameters of dwarf satellites into Eq. (4),
τgr ∼ 106 yr
( m
10−22 eV
)3( v
30 km/s
)6(
0.1M/pc3
ρ
)2
.
The Bose stars nucleate there if m . 2 · 10−21 eV, at the
boundary of experimentally allowed mass window [28].
Then the missing satellites may hide as Bose stars. At
even larger m the Bose stars may form in miniclusters
and in cores of large galaxies, they may grow overcriti-
cal and explode [7]. Note that self-interaction of typical
string axions [10] with fa ∼ 10−2G−1/2 is less effective
than gravity because v  10faG1/2 in all structures.
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1Supplemental material on the article:
Gravitational Bose-Einstein condensation in the kinetic regime
S1. LANDAU EQUATION
Evolution of a random Bose field at large occupation
numbers can be well approximated by the classical field
theory. Such situations appear, in particular, in systems
far from thermal equilibrium when particles have ener-
gies much lower than the temperature in the eventual
thermal state, p2  2mT , see e.g. [S1]. For the period
of evolution with this property the seminal “ultraviolet
catastrophe” is not threatening the theory and quantum
statistics is not needed. This allows us to describe the
initial stages of thermalization by solving the classical
Schro¨dinger-Poisson problem (2). In our simulations the
energies of all particles at the epoch of Bose star for-
mation are well below the lattice UV cutoff, not to say
about the region of parametrically high momenta corre-
sponding to order-one occupation numbers in the thermal
ensemble, see Fig. 1f.
Let derive Landau kinetic equation for the gravitating
ensemble of random classical waves (2) inside the struc-
ture of size R — a halo/minicluster or a periodic box.
The main steps of our derivation are standard [20], al-
though specific attention should be paid to kinetic correc-
tions suppressed by powers of (mvR)−2 and to infrared
divergence of the scattering integral caused by long-range
nature of gravitational interactions. Treating these sub-
tleties, we justify Landau approximation for the integral
thus supporting the relaxation time estimates from the
main text.
S1.1. Vlasov equation
We introduce real Wigner distribution for the ensemble
of random classical fields,
fp(x) =
∫
d3ξ e−ipξ 〈ψx+ξ/2 ψ∗x−ξ/2〉 , (S1)
where ψx ≡ ψ(x) and 〈·〉 is the average with respect
to random initial phases of the fields. In the kinetic
regime (1) the value of fp(x) can be interpreted [20] as
an occupation number of bosons in the elementary cell
d3xd3p = (2pi)3.
Taking the time derivative of Eq. (S1) and using
Eqs. (2), one obtains dynamical equation for fp(x),
∂tf + p∇xf/m
= 2m Im
∫
d3ξ e−ipξ 〈ψx+ξ/2ψ∗x−ξ/2Ux+ξ/2〉 , (S2)
where Im extracts ξ-odd part of Ux+ξ/2. Note that the
gravitational potential equals
Ux = 4piGm
∫
d3x′∆−1x−x′(|ψx′ |2 − n) . (S3)
Here ∆−1 is the Green’s function of the Poisson equa-
tion (2): ∆∆−1x ≡ δ3(x) and ∆−1−x = ∆−1x . Thus, Eq. (S2)
contains a correlator of four ψ-fields. We should express
it via fp(x) in order to obtain kinetic equation in the
closed form.
To this end we exploit weak coupling expansion. Recall
that in the initial state ψ is a Gaussian random field, all
non-Gaussianities appear later due to small gravitational
interactions. This means that the Wick theorem remains
approximately valid,
〈ψx1ψ∗x2ψx3ψ∗x4〉 = 〈ψx1ψ∗x2〉〈ψx3ψ∗x4〉
+ 〈ψx1ψ∗x4〉〈ψx3ψ∗x2〉+ 〈ψx1ψ∗x2ψx3ψ∗x4〉conn , (S4)
where the connected part 〈·〉conn ∼ O(G) is small, it gives
O(G2) contribution into Eq. (S2).
We substitute Eqs. (S3) and (S4) into Eq. (S2) and
express all two-point functions via fp(x), Eq. (S1). This
gives non-local equation
∂tf + p∇xf/m = 2m Im U¯(x+ i2∇p) fp(x)
+
8piGm2
(2pi)6
Im
∫
d3{ξξ′qq′} ∆−1ξ eiξ
′q−iξq′
× fp+q(x+ ξ2 ) fp+q′(x+ ξ
′
2 ) + St f , (S5)
where U¯(x) ≡ 〈U(x)〉 is the mean potential satisfying
∆U¯ = 4piGm
(∫
d3p
(2pi)3
fp(x)− n
)
, (S6)
and scattering integral St f ∼ O(G2) represents contri-
bution of the connected correlator in Eq. (S4).
Ignoring St f in Eq. (S5), one can get an equation for
fp(x) valid to the first order in G and to all orders in the
kinetic parameter (mvR)−1. This simplification is unac-
ceptable for us, however. First, all terms in Eq. (S5) ex-
cept for St f are T -odd: they change sign under the time
reflection fp(x) → f−p(−t, x). Equation with St f = 0
preserves T -symmetry and cannot describe kinetic relax-
ation [S2][20], unless some source of irreversibility is pro-
vided. Second, as we explain below, all dangerous O(G)
terms vanish in the spatially homogeneous box and in
the centers spherically-symmetric halo/miniclusters, i.e.
in all places where we numerically observe formation of
Bose stars. Third, our numerical results suggest that the
condensation time scale τgr is set by St f .
A homogeneous ensemble of random waves in the box
is described by x-independent real distribution fp. In
2this case U¯ = 0 and, also, the imaginary part of the
integral in Eq. (S5) vanishes, as one can see by changing
(ξ, ξ′)→ (−ξ, −ξ′). Equation (S5) takes the form
∂tf = St f . (S7)
Thus, the time scale τgr of Bose star formation in the
box is determined by the scattering integral explicitly.
Now, consider halo/minicluster of size R. We sim-
plify Eq. (S5) by performing consistent expansion in
(mvR)−2  1. To this end we note that fp+∆p(x+ ∆x)
can be Taylor-expanded in ∆x  R or ∆p  mv be-
cause the halo is almost homogeneous at scales ∆x R,
while the Wigner distribution in Eq. (S1) is insensitive to
∆p  mv due to exponential falloff of the correlator at
distances exceeding the correlation length (mv)−1. Per-
forming these Taylor expansions in the respective kine-
matic domains of the integral in Eq. (S5), one finds,
∂0f +∇ph∇xf −∇xh∇pf + S3 ≈ St f , (S8)
where S3 = (m/24) ∂i∂j∂kU¯ ∂pi∂pj∂pkf reflects uncer-
tainty of order |p|−1 in particle’s position, while
hp(x) =
p2
2m
+mU¯(x)− 4piGm
2
(2pi)3
∫
d3k
k2
fp−k(x) (S9)
is one-particle Hamiltonian with gravitational mass de-
fect in the third term. To the leading order Eqs. (S8),
(S9) reproduce the celebrated Vlasov equation. They
also include two corrections suppressed as (mvR)−2: S3
and the last term in Eq. (S9). We ignored corrections
with relative suppression (mvR)−4, as they are smaller
than St f ∼ f/τgr ∼ ∂tf/(mvR)3, see discussion in
Sec. 6. Note that kinetic expansion of T -odd O(G) terms
in Eq. (S5) goes in powers of (mvR)−2, as these terms
change sign under p→ −p reflections.
Equation (S8) describes evolution of ha-
los/miniclusters in the regime (1). Its largest second
and third terms vanish if the distribution is virialized
i.e. given by an arbitrary function of one-particle
conserved quantities, e.g. f = f(hp(x)). Thus, these
terms describe fast collisionless mixing rather than
thermalization. Small kinetic correction S3 takes effect
at parametrically larger time scales. It conserves spatial
densities of mass, energy and momentum at every x,∫
d3p (α + βip
i + γp2/2m)S3 = 0, and therefore does
not induce transport in the x-space. Besides, this term
becomes negligibly small in the centers of spherically-
symmetric miniclusters r . (mv)−1 because ∂3U¯(r) = 0
at r = 0. Thus, it cannot drive kinetic relaxation in the
halo centers where we numerically observe formation
of Bose stars. This leaves St f as the only source of
condensation.
So, it is natural to expect that the time τgr of Bose
star formation inside the virialized halo/minicluster is
determined by the scattering integral. Our numerical
results strongly support this viewpoint.
S1.2. Landau scattering integral
Recall that the collision integral St f is a contribution
of the connected correlator 〈ψψ∗U〉conn into the right-
hand side of Eq. (S2). Landau noticed [S2][20] that in
the particular case of long-range interactions main fluc-
tuations of the potential Ux are caused by density per-
turbations at large distances in Eq. (S3),
(mv)−1  |x′ − x|  R . (S10)
Below we will confirm this nontrivial observation and es-
timate related corrections. In the region (S10) Eq. (S3)
admits multipole expansion,
Ux+ξ/2 ≈ Ux + ξ
i
2
∂iUx if |ξ| . (mv)−1 . (S11)
Importantly, Eq. (S11) is approximately valid for the fluc-
tuations of U , not just for the smooth mean potential U¯ .
Then the scattering integral in Eq. (S2) takes the form
St f = −∇ps , (S12)
where the Landau flux
si = −4piGm
2
(2pi)3
∫
d3x′d3p′ Fx′,p′x,p ∂i∆−1x−x′ (S13)
describes diffusion in the phase space. It involves the
connected correlator of four fields,
F =
∫
d3ξd3ξ′ e−ipξ−ip
′ξ′
× 〈ψx+ξ/2ψ∗x−ξ/2ψx′+ξ′/2ψ∗x′−ξ′/2〉conn , (S14)
where 〈·〉conn is a combination of four- and two-point
functions introduced in Eq. (S4). Note that the inte-
grals in Eqs. (S14), (S13) are saturated at small ξ ∼ p−1
and ξ′ → 0.
We treat F in the same way as f in the previous Sec-
tion. Acting by ∂t and using Eqs. (2), we obtain dynam-
ical equation
∂0F + (p∇x + p′∇x′)F/m = A , (S15)
with the right-hand side Ax′,p′x,p
∣∣
t
containing correlators
of six fields 〈ψ2ψ∗2U〉 at time t, cf. Eq. (S2). Next,
we compute A to the leading order in G and (mvR)−1.
Namely, we express it via the two-point functions f like in
Eq. (S4), but ignore all connected parts. We also use the
dipole approximation (S11) and expand fp(x) in small
variations of p and x whenever possible. We find,
A = 4piGm2∂j∆−1x−x′
[
f ′2∂pjf − f2∂p′jf ′
]
, (S16)
where f ′ = fp′(x′) and f = fp(x). Note that A in
Eq. (S16) vanishes at large separations |x− x′| & R be-
cause either x or x′ in this case is outside of the halo.
3The solution of Eq. (S15) is,
F =
∫ t
−∞
dt′ Ax′+p′(t′−t)/m, p′x+p(t′−t)/m,p
∣∣∣
t′
, (S17)
where we recalled that F vanishes in the beginning of
the process. In the region (S10) this solution simplifies.
First, the left-hand side of Eq. (S15) suggests that F
responds to the external source A at time scales t− t′ ∼
|x − x′|/v. Thus, we can limit integration in Eq. (S17)
to the region (mv2)−1  t− t′  R/v corresponding to
Eq. (S10). Then all f ’s in the integrand can be taken
at time t. Second, f ′ ≈ fp′(x), f ≈ fp(x) in Eq. (S17)
because the shifts of their spatial arguments are small
in the region (S10). After these approximations x′ and
t′ enter only the argument of the Green’s function in
Eq. (S16).
Substituting Eqs. (S16), (S17) into Eq. (S13), one ar-
rives at the Landau flux [S2],
si =
G2m4
4pi2
∫
d3p′ Πij(u)
[
f2∂p′jf
′ − f ′2∂pjf
]
, (S18)
where u = (p − p′)/m is the relative velocity of the in-
teracting waves and we denote f ≡ fp(x), f ′ ≡ fp′(x),
Πij = 8pi
∫
dt′′ d3y ∂i∆−1y ∂j∆
−1
y+ut′′ , (S19)
and y ≡ x− x′, t′′ ≡ t′ − t.
The last step is to compute Πij in Eq. (S19). Spherical
symmetry gives Πij = Π1(u)δij + Π2(u)u
iuj . Besides,
ujΠij = 8pi
∫
d3y ∆−1y ∂i∆
−1
y = 0 , (S20)
δijΠij = − 2|u|
−(mv2)−1∫
−R/v
dt′′
t′′
=
2
|u| log(mvR) ,
where in the first line we used uj∂j = ∂t′′ . In the
second line we integrated by parts, then substituted
∆−1x = −(4pi|x|)−1. This leaves divergent integral over
t′′ which is logarithmically sensitive to the boundaries of
the Landau region (mv2)−1  |t′′|  R/v. We obtain,
Πij = Λ
(
u2δij − uiuj
)
/u3 , (S21)
where Λ ≡ log(mvR) and u ≡ |u|.
Expressions (S12), (S18), (S21) give Landau scatter-
ing integral in its canonical form. Note that the relax-
ation time estimate from the main text can be drawn
directly from these expressions, cf. [8]. Indeed, trading
the p-derivatives for (mv)−1, integral over momentum for
Vp ∼ 4pim3v3/3, using u ∼ v
√
2 and f ∼ (2pi)3n/Vp, one
obtains St f ∼ f/τgr, where τgr is given by Eq. (4).
Now, let us discuss corrections to the Landau inte-
gral related to wave scattering at very small and very
large distances, |x − x′| . (mv)−1 and |x − x′| ∼ R.
In the former case one can Fourier-transform Eq. (S3)
introducing momentum transfer q conjugate to x − x′.
Scattering processes with |q|  mv do not occur be-
cause waves of such high momenta are absent in the en-
semble. Thus, true scattering integral has a cutoff at
q−1 ∼ |x− x′| & (mv)−1 that regularizes logarithmic di-
vergence at small |t′′| in Eq. (S20). A similar cutoff at
v|t′′| ∼ |x − x′| & R is related to the fact that matter
is absent outside of the halo/minicluster. Clearly, un-
controlled contributions from the regions near the cut-
offs are comparable to the Landau scattering integral,
but have O(1) constants in front instead of the Coulomb
logarithm Λ ≡ log(mvR). Thus, Landau approximation
keeps terms proportional to Λ  1 and ignores relative
O(1) corrections. In Sec. 5 we treat these corrections
heuristically, by changing Λ → Λ + a, where a ∼ O(1).
In Fig. 1f we demonstrate that Landau equation with
a ≈ 5 correctly describes evolution of the distribution
function.
It is worth noting that the traditional Boltzmann in-
tegral also has logarithmic accuracy in Λ 1 in the case
of isolated halo/minicluster. Indeed, it diverges logarith-
mically [20] at small momentum transfers q → 0 due to
long-range nature of gravitational interactions. Unsup-
pressed contributions at |q| ∼ R−1 correspond to inter-
actions at distances of order of the structure size. Impos-
ing cutoff at these scales, one recovers finite result up to
uncontrolled O(1) terms. This situation is drastically dif-
ferent from the case of electromagnetic plasma where the
Coulomb interactions disappear at distances larger than
the microscopic Debye length λD  R which regularizes
the Boltzmann integral [S2].
S1.3. Energy distribution
Let us argue that Eq. (3) gives distribution of bosons
over energies in the kinetic regime (1): F (t, ω) ≈ dN/dω.
On the one hand, this expression involves average over
large time interval τ1  (mv2)−1 which is equivalent to
the ensemble average due to ergodic hypothesis: F ≈
〈F 〉. On the other hand, we consider regime where at
time scales τ1  τgr the mean potential U¯(x) is almost
static and the field ψ evolves in this potential. Thus,
ψ ≈∑n cn ψn(x) e−iωnt, where ψn(x) are the eigenstates
of U¯ with almost time-independent eigenenergies ωn,
while |cn|2 are the occupation numbers. Substituting this
form into Eq. (3), we obtain,
F ≈
∑
n
〈|cn|2〉 δτ1(ω − ωn) , (S22)
where δτ1 = (τ1/2
√
pi) e−τ
2
1 (ω−ω1)2/4 is a sharply-
peaked function indistinguishable from δ(ω − ωn) at
energy resolution ∆ω & τ−11 . Thus, for chosen values
4τ−11  mv2 ∼ ω the function F gives distribution of par-
ticles over energies dN/dω.
S1.4. Homogeneous isotropic ensemble
Finally, we derive kinetic equation (5) for the homoge-
neous spherically-symmetric ensemble of random classi-
cal waves evolving in the box of size L, cf. [20]. In this
case fp depends only on p = |p| and the Landau flux s
is collinear with momentum, ps = ps. Equations (S7),
(S12), (S18) give,
∂tf =
2G2m5
pip2
(Λ + a) ∂p
[
A∂pf +Bf
2
]
, (S23)
where we computed the angular integrals and introduced
A =
∫∞
0
p′dp′ min(p3, p′3) f ′2/3p, B =
∫ p
0
p′2dp′ f ′. In
Eq. (S23) we included the heuristic parameter a from
Sec. S1.2.
Now, we express fp in terms of the energy distribution
F (ω). Since dN = Fdω = 4pip2L3fpdp/(2pi)
3, we have,
F (ω) = mL3pfp/2pi
2 , ω = p2/2m .
Substituting this expression into Eq. (S23), we find,
∂tF =
2
pi
G2m3(Λ + a)
× ∂ω
[
A∂ωF + (2pi
2BF/mL3 −A)F/2ω] , (S24)
where
A(ω) =
4pi4
3mL6
∫ ∞
0
dω′min3/2(ω, ω′)F ′2/ω′ω1/2 ,
B(ω) =
2pi2
L3
∫ ω
0
dω′ F ′
are the same quantities as in Eq. (S23).
The final step is to introduce dimensionless energy
ω˜ = ω/mv20 and rescaled distribution F˜ = mv
2
0F/N nor-
malized to unity:
∫∞
0
dω˜ F˜ = 1. We obtain Eq. (5) with
A˜ = m2v20A/4pi
4n2, B˜ = B/2pi2n. Note that the kinetic
time scale τ0 ∼ τgr is explicit in Eq. (5) because all phys-
ical parameters are scaled out of this equation.
S2. NUMERICAL METHOD
We perform numerical studies using 6-th order pseudo-
spectral operator-splitting method [S3] which is unitary,
stable, T -symmetric, symplectic, and therefore excep-
tionally suitable for long statistical simulations. In what
follows we explain the method, illustrate its properties
and estimate the numerical errors.
Recall that general solution to the Schro¨dinger equa-
tion (2) has the form ψ(t+ ∆t) = Uˆψ(t), where
Uˆ = T exp
{
−i
∫ t+∆t
t
dt′
[
pˆ2
2m
+mU(t′, x)
]}
,
α 1 2 3 4
cα w3/2 (w2 + w3)/2 (w1 + w2)/2 (w0 + w1)/2
dα w3 w2 w1 w0
c9−α = cα , d8−α = dα , d8 = 0 ,
∑
cα =
∑
dα = 1 ,
w0 = 1− 2(w1 + w2 + w3) , w1 = −1.17767998417887 ,
w2 = 0.235573213359359 , w3 = 0.784513610477560 .
TABLE I. Parameters in Eq. (S25).
is a quantum propagator and pˆ ≡ −i∇x. The method
of [S3] replaces this propagator with discrete formula
Uˆ =
8∏
α=1
e−imdα∆tUα(x)e−icα∆tpˆ
2/2m+O(∆t7) , (S25)
where the product is ordered right-to-left, its parameters
cα, dα are given in Table I, and the potentials Uβ are
computed using the “current” field, i.e. ψ(t) multiplied
by all operators with α ≤ β. Geometrically, Eq. (S25)
breaks the time interval ∆t into two sets of sub-intervals
{cα∆t, dα∆t}, where each set is symmetric with respect
to the central point t + ∆t/2. “Kinetic” and “poten-
tial” propagators are used for the c- and d-sub-intervals,
respectively. We stress that Eq. (S25) is valid for our
time-dependent potential U(t, x).
Numerical application of Eq. (S25) is straightforward.
One introduces cubic uniform lattice with N3x sites at
x = nx∆x, where ∆x ≡ L/Nx and 0 ≤ nix < Nx. Typi-
cally, we use Nx = 128 or 256, and switch to Nx = 512 for
resolution tests. We store the values of the fields ψ(x),
U(x) at the lattice sites.
Time evolution of ψ(x) is calculated by sequentially
acting with operators in Eq. (S25). We start by perform-
ing the Fourier transform,
ψp = ∆x
3
∑
x
ψ(x) e−ipx , (S26)
where the momenta p = 2pinp/L are discrete, −Nx/2 <
nip ≤ Nx/2, due to periodic boundary conditions
ψ(x+ Ln′) = ψ(x). We apply Eq. (S26) using FFT algo-
rithm with GPU acceleration [S4]. After that multiplica-
tion by the rightmost operator in Eq. (S25) corresponds
to phase rotation ψp → ψp e−ic1∆tp2/2m. We return ψ
to the coordinate representation with the inverse Fourier
transform. Next, we solve the Poisson equation (2) in
the momentum space,
U1, q = −4pimG|ψ2|q/q2 , U1, q=0 = 0 , (S27)
where |ψ2|q is the Fourier image of (|ψ(x)|2 − n) cal-
culated via Eq. (S26). Finding U1(x) from the inverse
Fourier transform, we act by the “potential” propaga-
tor, i.e. change ψ(x)→ ψ(x) e−imd1∆t U1(x). We continue
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FIG. S1. Tests of the numerical solution in Fig. 1 which
is computed on 2563 lattice with ∆t˜ ∼ 1.5, ∆x˜ ≈ 0.5.
(a), (b) Drift of the particle number N and energy E from
their initial values Ni, Ei. (c) Discretization error estimate.
(d) Spectra computed at t˜ = 1.05 · 106 ∼ τ˜gr with different
space and time resolutions. (e) Spectrum at t˜ = 105, ∆t˜ ∼ 0.5
versus Eq. (5). (f) The time of Bose star formation τgr at dif-
ferent space and time resolutions, where ∆t and ∆x are the
parameters of the original solution.
to act by operators in Eq. (S25) on ψp or ψ(x) until
ψ(t+ ∆t) is found.
Let us illustrate advantages of the above numerical
method and estimate related errors.
1. Exact conservation of the particle number.
One notes that the Fourier transform (S26) and subse-
quent multiplication by phases do not change the particle
number
N = ∆x3
∑
x
|ψ(x)|2 = L−3
∑
p
|ψp|2 , (S28)
which therefore conserves up to round-off errors. Hence,
one expects relative change ∆N/N . 2−52N3/2x ∼ 10−12
during one time step, where we stick to double-precision
numbers and Nx = 256. In practice we observe even
better conservation: the total drift of N(t)/Ni does not
exceed 10−8 even for our longest runs with 106 time steps,
see Fig. S1a. Thus, particles do not appear from nowhere
in our numerical system.
2. Time resolution. We use adaptive step size ∆t
which is chosen to enforce conservation of energy
E = L−3
∑
p
p2
2m
|ψp|2 + ∆x3
∑
x
m
2
U(x) |ψ(x)|2
between t and t + ∆t with accuracy ∆E/E ≤ 2 · 10−10.
This corresponds to values ∆t˜ ∼ 0.1÷ 1.5 in our O(∆t6)
scheme. As a consequence, relative non-conservation of
energy in our solutions never exceeds 10−3, see Fig. S1b.
Time resolution of the solutions is proportional to
∆E/E. We estimate it explicitly by performing two steps
∆t/2 instead of one step ∆t for a given ψ(t, x). Changes
in ψ(t+ ∆t, x)/n1/2 are of order 10−6 ∼ 103 ∆E/E. Be-
low we show, by drastically increasing and decreasing the
time step, that this resolution is good enough to make
numerical results independent of ∆t.
Note that evolution of the waves with high momen-
tum p is correctly described by Eq. (S25) that exactly
reproduces fast oscillations with frequency p2/2m. Er-
rors in ∆t stem from the “potential” propagators with
bounded U˜∆t˜ 10−2.
3. Discretization errors. To estimate effects due to
spatial discretization, we consider inverse Fourier trans-
form in the box,
ψ(x) = L−3
∑
p
ψp e
ipx . (S29)
This representation would be exact if the sum over
p = 2pinp/L was infinite. But in fact, it has a cutoff
at pmax = pi/∆x. Hence, discretization errors are de-
termined by |ψpmax |. One estimates error in the parti-
cle number, Eq. (S28), as δNpmax ∼ p3max |ψpmax |2/6pi2.
Relative changes in Eqs. (S27), (S25) due to pmax are
proportional to this quantity. Thus, we can relate the
discretization errors to δNpmax/N .
In Fig. S1c we demonstrate that solutions with
Nx = 256 have δNpmax/N . 10−7. We independently
estimated the discretization errors by performing one
time step on 2563 and 5123 lattices. Changes in ψ(t +
∆t, x)/n1/2 were smaller than 10−9, which makes spa-
tial resolution at one time step of order 10−2 δNpmax/N .
When performing the calculations, we never allowed this
combination to grow above 10−8.
One explains exceptionally good spatial resolution us-
ing the spectrum at t ∼ τgr in Fig. 1f. The central part of
this spectrum is close to the power-law F ∝ ω−1/2, which
changes to exponential falloff in the region ω˜ & 1.5. As
a consequence, F ∝ p|ψp|2 is exponentially small at the
cutoff frequency ωmax = p
2
max/2, where ω˜max ≈ 21 for
the solution in Fig. 1f. Note that with time the central
power-law region of the distribution spreads to higher
and lower ω. Eventually, it should hit the cutoff fre-
quency. However, way before that it reaches ω ≈ 0 at
t = τgr, and the Bose star is formed. Thus, our nu-
merical solutions correctly describe the initial stages of
thermalization, and related discretization errors are ex-
ponentially small at t . τgr.
We remark that spatial resolution at smaller L˜ and
the same Nx = 256 is orders of magnitude better than in
Fig. S1. We will use this property below.
64. Stability. In general, good resolutions in time
and space are not sufficient to reproduce correct statisti-
cal properties of the wave ensemble at large time scales
t˜ ∼ 106. The main property for that is stability, i.e.
absence of exponentially growing or decaying numerical
Lyapunov exponents in addition to the ones that are al-
ready present in the continuous system. It is well-known
that pseudo-spectral methods like ours are exceptionally
stable because they exactly conserve symplectic form [S3]
and as a consequence, the phase volume
Ω =
∏
x
dψxdψ
∗
x =
∏
p
dψpdψ
∗
p
(L∆x)3
, Ω(t+ ∆t) = Ω(t) ,
where ψ and ψ∗ are the canonical variables in field the-
ory, while dψ(t, x) is the difference of two close solutions
within the statistical ensemble. Note that conservation of
Ω under Eq. (S25) can be demonstrated directly by using
2dψxdψ
∗
x = d|ψx|2 dargψx and recalling that U depends
only on |ψx′ |2.
The above property means that Eq. (S25) replaces con-
tinuous Hamiltonian evolution with symplectic discrete
analog, where the Liouville theorem remains satisfied.
Practice shows that this precludes appearance of numer-
ical instabilities or exponentially growing errors in con-
served quantities, see [S3] and references therein.
5. Independence of the lattice parameters. Let
us explicitly verify that statistical properties of our sys-
tem are not sensitive to ∆x and ∆t. In Fig. S1d we
demonstrate that energy distributions F (ω) at t ∼ τgr
coincide for solutions computed with different ∆t, ∆x,
and the same initial distribution at t = 0. Similarly,
Fig. S1f shows that changes in τgr due to different choices
of ∆t and ∆x are smaller than statistical fluctuations of
this quantity related to random initial state; the stan-
dard deviation of τgr is shown with the gray strip on
this graph. Thus, our numerical method is stable, while
spatial and time resolutions are small enough to make
numerical results insensitive to lattice parameters.
6. Exact time-reversibility. Formation of Bose
stars is an irreversible process. These objects appear
in all of our ∼ 103 solutions and never disappear, their
masses grow monotonically with time. Let us argue that
this effect is physical i.e. unrelated to accumulation of
numerical errors. To this end we note that Eq. (S25)
has exact time-reversal symmetry: applying it with time
step −∆t < 0, one reproduces all stages of the algorithm
in reverse order. Moreover, the latter operation is equiv-
alent to substitution ψ → ψ∗ followed by evolution with
positive ∆t. Thus, irreversible numerical errors can be
related only to small round-off effects.
Figure S2a explicitly demonstrates time-reversibility of
our numerical code. It shows maximal value of |ψ(x)|
within the box as a function of time for the solution
which forms a Bose star at τ˜gr ≈ 1650, see Figs. S2b,c.
At t > τgr the maximal density |ψ(x)|2 corresponds to
t˜
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FIG. S2. Tests of the numerical solution with L˜ = 14pi,
N˜ = 55 and initial distribution |ψp|2 ∝ δ(|p| −mv0); in this
case τ˜gr ≈ 1650. The reference solution is computed on 2563
lattice with uniform time step ∆t˜ = 0.01 and ∆x˜ ≈ 0.2.
(a) Maximum of |ψ˜(x˜)| over the box as a function of time.
Two parts of the graph correspond to direct evolution to
t˜ = 2000 followed by evolution with steps (−∆t˜) to t˜ = 0.
(b), (c) Sections z = const of the solution at t˜ = 0 and
t˜ = 2000. (d) Time evolution of Reψ(x = 0). Coinciding lines
of different color represent solutions with different resolutions
in space and time. Intervals 0 < t˜ < 20 and 1980 < t˜ < 2000
are amplified in the insets (e), (f).
the Bose star center, it increases with time due to growth
of this object. At t˜ = 2000 we flip ∆t → −∆t and con-
tinue simulation until t = 0 is reached, again. Although
all accumulated numerical errors remain in the system,
our solution in Fig. S2a correctly describes time-reversed
dynamics: density of the Bose star decreases, and this ob-
ject dissolves in the wave ensemble. We stress that the
second part of Fig. S2a is statistically unprobable, we
7never observed anything like that in the ordinary simu-
lation runs.
We conclude that small round-off errors in our code
are not responsible for the irreversible processes of Bose
star formation.
7. Continuum limit. One usually does not consider
continuum limit of solutions in large-scale statistical sim-
ulations such as ours or e.g. N -body simulation. Indeed,
evolution of interacting classical systems is intrinsically
unstable. It leads to exponentially fast separation of so-
lutions with different ∆x and ∆t and therefore precludes
direct evaluation of the limit ∆t, ∆x → 0 even at mod-
erately large t. Nevertheless, numerical errors have neg-
ligible effect on the results of such simulations. Indeed,
they mimic small statistical fluctuations in the random
system and therefore do not show up in averages. In
Fig. S1d,f we explicitly verified this property — demon-
strated that F (ω) and τgr are not sensitive to ∆t and ∆x.
This is sufficient to show that the statistical simulations
are correct.
Nevertheless, our high-precision numerical code gives a
unique opportunity to demonstrate explicitly that Bose
star formation occurs in the continuum limit. To this
end we consider the solution in Fig. S2 which is com-
puted with the best possible time and space resolutions
of order 10−13. This means that the numerical solutions
with different ∆x and ∆t coincide at every lattice point
with relative precision 10−13 at the very first time step,
see Figs. S2d,e. The difference between these solutions,
however, grows exponentially with time, becomes of or-
der 10−3 at t = τgr and reaches 5% at t˜ = 2000, see
Fig. S2f. Thus, within the interval 0 < t˜ < 2000 all these
solutions are close to the continuum limit. They explic-
itly prove that the Bose star is formed at τ˜gr ≈ 1650 in
the continuum system.
Note that the solution in Fig. S2 confirms our kinetic
formula (4) for τgr: it is represented by the leftmost lower
square in Fig. 2. Let us verify the time scales τgr of
other solutions — say, the one in Figs. 1, S1. To this
end we repeat the simulation using smaller time steps
∆t˜ = 0.25 and 0.5, and lattices 2563, 5123. At t˜ < 105 all
these solutions coincide at all lattice points with relative
precision better than 10−2. Hence, they are close to the
continuous limit within this time interval. In Fig. S1e
we plot their energy distribution F (ω) at t˜ = 105. It
coincides with the solution to the kinetic equation (5)
(points in Fig. S1f) thus confirming the time scale τ0 ≈
τgr in this equation. Recall that our numerical solutions
with lower resolution equally well coincide with solution
to Eq. (5), see Fig. 1f. Thus, τgr is correctly computed
in the main text.
In this Section we demonstrated that our numerical
solutions correctly describe evolution of the gravitating
field, and our results are not sensitive to the lattice pa-
rameters.
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